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Abstract 


In this work, we establish several Lyapunov-type inequalities for a class of nonlinear higher order differential equations having a form 


Wua VAE nOA @)=0, 


with anti-periodic boundary conditions, where m > n > 0 are integers, Y and f;(i = 0, 1, 2, ..., n) satisfy certain structural conditions such 
that the considered equations have general nonlinearities. The obtained inequalities are extensions and complements of the existing results in 
the literature. 
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1 Introduction 


If u is a nontrivial solution of the following second order differential equation 


u” (x) +r(x)u - a, x € (a,b), 
u(a) = u(b) = 


where r is a continuous and nonnegative function defined in [a, b], then the following inequality 


b 
ih r(a)da > = (1) 


holds, which was first proved by Lyapunov [7] and known as “Lyapunov inequality”. The Lyapunov inequality and its various 
generalizations have proved to be useful tools in oscillation theory, disconjugacy, eigenvalue problems, and numerous other ap- 
plications for the theories of differential and difference equations, and also in time scales. Since the appearance of Lyapunov’s 
fundamental paper, there are many improvements and generalizations of (1) in the literature. Especially, the Lyapunov inequal- 
ity has been generalized extensively to the higher-order linear equations see [1—4,6,8—13,15,14,16,18] and references therein. 
But so far, only a few results have been achieved for higher order differential equations that have either general nonlinearities or 
anti-periodic boundary conditions. For example, [12] and [17] have contributed to certain higher equations with anti-periodic 
boundary conditions, and to general nonlinear second order equations with Dirichlet boundary conditions respectively. 
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In 2012, Wang [12] considered Lyapunov-type inequalities for certain higher order differential equations with anti-periodic 
boundary conditions. The main result in [12] is as follows: 

Theorem A If u(x) is a nonzero solution of the following (m-+1)-order half-linear differential equation anti-periodic boundary 
conditions: 


([eu™) (ar) P Pu”) (x)) + r(x) |u(x)|?-Pu(w) = 0, xE (a,b), 
u (a) + u (b) = 0,4 = 0,1,2,...,m, 


then 
b 2 m(p—1) 


In a recent work [17], the authors established Lyapunov-type inequalities for a class of nonlinear second order equations with 
a general form as 


(Y(u'(a)))' + r(x) f(u(@)) = 0, xE (a,b), (3a) 
u(a) = u(b) = 0. (3b) 


The structural conditions are given as below, which allow the functions 7 and f to have a large class of nonlinearities (see 
Section 1 and 4 in [17], and Remark 1, for instance): 


(A) Y, f € C((—00, c0)) N C1((0, 00)) with f # 0 on (—oo, 00). 

(B) Y is odd on (—ov, ov). 

(C) f(t) > 0 for all t € [0, 00). 

(D) There exists ko > 0 such that |f (t)| < kow(|t|) for all t € (—o0, o0). 
(E) There exists constants a, 3 > 0 such that 


anp(t) < ty (t) < bylt), Vt>0. 
(F) There exists constants 99, d9 > 0 such that 
Bof (E) < tF (E) < dof(t), Vt > 0. 


The main result in [17] is the following theorem. 
Theorem B Suppose that conditions (A)-(D) are satisfied. Let u be a nontrivial solution of (3). 


(i) If y satisfies (E), then f° |r(x)|da > 2 - 19 - min { (74) *, G>). 


ko 1+6 —a b—a 
(ii) If f satisfies (F), then f? Ir(x)ļdz > 2 - ite -min {(,2-)”, ai, 


Our motivation for this paper comes from the papers of [12] and [17]. We attempt to establish several new Lyapunov-type 
inequalities for a large class of nonlinear higher differential equations under anti-periodic boundary conditions. The results 
obtained in this paper are generalizations of [12] and [17]. 


2 Problem setting and main results 


In this paper, we establish Lyapunov inequalities for the following equation 


(Wu™ (£) +X ri(x) fi(u (x))=0, x € (a,b), (4a) 
i=0 
uD) (a) +u(b) =0, j =0,1,2,...,m, (4b) 


where r is a given function defined in |a, b], p and f satisfy some of the following structural conditions: 


(Hi Perio. eyvneOee) vik Hite 
i=0 


(H2) w is odd on (—oo, 00). 
(H3) filt) > 0 for all t € [0, 00), i =0,1,2,...,n 


(Ha) There exists constants k; > 0 satisfying X` k; > 0 such that | f;(t)| < kiy (|t|) for all t E (—o0, 00), i = 0,1,2,...,n 


(Hy) There exists constants a, 8 > 0 such that 
arp(t) < tY (t) < BY), Yt > 0. 
(Hy,) There exists constants 0;, 0; > 0 such that 
O:f:(t) < tF) < &f,(6), Yt > 0,7 =0,1,2,...,7 


Remark 1 (i) The structural condition (Hy) (or (Hș,)) was firstly presented in [17], which is a slight version given by 

Lieberman [5]. Observe that a = B = p — 1 when Y(t) = |t|P-?t (p > 1), and a = a,8 = a+ z in (Hy) when 

v(t) = el "tog. (blt + d a,b > 0,c,d > 1. Another interesting example of w is w(t) = ot eae b>0,¢,d> 

1,a > 4 witha = a — g, b = a in (Hy). More examples of nonlinear functions satisfying (Hy) can be found in [17, 
Seaton 7 and 4]. 

(ii) By (Hı) — (H4), Y(0) = fi(0) = 0 (i = 0,1,2,...,n) and Y(t) > 0 for any t > 0. Furthermore, if w (or f;) satisfies 

(Hy) (or (Hș,)), then y(t) > 0 (or fi(t) > 0), which guarantees the increasing monotonicity of Y(t) (or fi(t)) int > 0. 


Throughout this paper, we always assume that m > n > 0 are integers, r; € L! (a,b) with r; 4 0 on (a,b) (i = 0, 1, 2, ..., n), 
and conditions (H1) — (H4) are satisfied. Moreover, we say u is a solution of (4) if u € C™+1 (a, b) 0 C™ (a, b]), y(u®™ (x)) 
is absolutely continuous in x, and u satisfies the equation in (4) almost everywhere in (a, b). 


The main result in this paper is given below. 


Theorem 1 Suppose that (4) admits a nontrivial solution. 


fi 0;(m—i) ôi(m—i) 
(ii) If fi satisfies (Hf,) (i = 0,1,2, ... n), then >> E(t |rj|dax - ki- Irii - max { (+) i (=) \) >22: 


Corollary 2 Jf u is a nontrivial solution of (4) with w(t) = fi(t) = \t|/P~?t,p > 1,i = 0,1,2,...,n, then 


b ie Ges 
» (J |ri|da - € *) ) aD, 
=0 a 


. ; b om(p—1)+1 B 
Particulary, if n = 0, there holds J, \ro|dx > Tare.: which is the same as (2). 


3 Proof of main result 


We A first some auxiliary results needed in the main proofs. In this section, we always write V(t = f Yl s)ds and 
=f fi(s)ds (i = 0,1, 2,...,n) for t > 0. 


Lemma 3 /17] Assume that 4% satisfies (Hı )-(H4) and (H,,). The following results hold true. 
(i) Y(st) < max{s%, s7} W(t), Vs,t > 0. 


(ii) C?—contiuous on (0, +00), and convex on [0, +00). 
(iii) MY I < Ut )< we Vt > 0. 


Remark 2 The function f; satisfying (H))-(H4) and (H,) and the function F; have similar properties as above. 


Lemma 4 Let u be a C™—contious function on |a, b] satisfying (4b). The following inequalities hold: 


. b— m—i 
max Kwl s ( A) r= L. f (x)|dz, i=0,1,2,..,m—1. 


Proof. It suffices to note that 


ju (x) | = 3 ul aay+ | ul “ay 
1 ° x . b . 
(f piwa f ju )]ay) 


1 oy 
<5 f Wody (= 0,1,2,..m 0). 
E 
Lemma 5 Let u be a C™ —continuous function on |a, b] satisfying (4b). 
(i) If fi satisfies (Hș,) (i = 0,1,2, .., n), then 
þa 
A(( a Madr): f e)a 
hed i(m—i) ôi(m—i) b 
E a : e)" T *) f Fy(lul™ (x)))de. 
(ii) Ify satisfies (Họ), then for i = 0,1,2, .., n, there holds 
b-a m—i 
(m) ( 
o( ( J ) — f ju (lar) [ lu™ (2) |dar 
a a(m-—i) B(m-1) b 
< (14+): max ( *) (5 J *) n (jul (x)|)dx. 
Proof. We only prove (i). Indeed, by Lemma 3 (i)-Gii), we get 
b— m—i 
(CE al ju™ (aa pal lu (0) 
Sia b—a b—a dai) KA )jd +f (m) ( a)|d 
max 5 ; 5 u x u x 
aun baa 0;(m—i) ba ôĉi(m—i) a Pu ld 
< max 5 i 5 us x 
PN baa 0;(m—i) bag ôi(m—i) a i r | A 
< max 5 F 5 ae | u x 
| 


Proof of Theorem 1. Without loss of generality, we assume that c = f? Ju |da > 0. Otherwise, if f? lu™]dz = 0, 


|u| = 0 due to the continuity of u™). That is to say u(x) = Pm—1(x), a polynomial of (m — 1)—th degree. However, by 
the boundary conditions, it follows P,,1(a) = 0, which is a contradiction with our assumption that u is a nontrivial solution. 


Firstly, we prove Theorem 1 (i) under the assumption that ~ satisfies the structural condition (Hy). Multiplying (4) by ahr), 
integrating over (a, b), and using Lemma 3 (iii), (H2)-(H4), Lemma 4, and Lemma 5 (ii), we get 


b b 
1 
f aes i f uae 


1 
— mju 
of iu 


s I Dyym-Ddg 


lta 


‘a y , 
M ‘ides (u JuD 
Ta) prilaz: max [faa 


n 


oÈ ( f iras: max (: iylla" >) Ie) ) 


i=0 


1 n n - 
l+a = i ki \r;|da - (oe ay g [ jul” ; al u Jax) 
TE Pain see payee) b ay P 
& a VU (lu Daz- > f kilrildz » max 5 . | 


i=0 


IA 


IA 


IA 


ae that Se U(\ue™|)da > 0. Otherwise, f? P(ju™|)dz = 0. By Lemma 5 (ii) and Lemma 3 (i), we deduce that for 
= 0,1, 2,...,n, there holds 


? ? 7 


m—i m—i a m—i B 
0 < cb(t) = op (7 sar] < max{ (2 - ") TE - "| bu(ger)eso. vt > 0, 


which implies w = 0 for all ¢ € [0, +00). Then by the odd property of w, we have w = 0 for all £ € (—o0, +00). Due to 


(H4), >> | fi| = 0 for all t € (—co, +00), which is a contradiction with the assumption (Hı). Finally, the desired result can be 


obtained. Theorem 1 (i) has been proven. 


Now we prove Theorem 1 (ii). Let jo € [0, n] be a integer such that 


b b 
1 m 1 m 
tio = | EE Eola max { S EO Eaa, 
a Fjo IEN a j 


jaaaj 


Using Lemma 3 (iii), (H2)-(H4), Lemma 4 and Lemma 5 (i), we get 
ei 
Ijo zl T fillu lu dar 
a Jo 


b 
< I Yu u ™]dz 


b 
= f° aya 


= [Santana 
SACA [ov r(e)[ae) 


n b jez i-1 1 b 
< ( \r;|dar - (= a" - [ ju™ ar) : 5) u Jaz) 
i—0 a a 


IA 


n b _ 0;(m—i) _ 6;(m—i) b 
S(t onm (E) (52) faen) 
i=0 a a 


1 i ey barre fray) 14g 
=e Ir lda - ta ; ST i pi 
=; 2 (/ kilri|da IF max {( 5 ) ; ( 5 ) \ 1 i Fy (lu Dae) 
1 n b 1+; bü 0;(m—i) —_— ôĉi(m—i) 
<I; oh. kiļriļdz - 1+8; max f(A" ) C ) i). (5) 


Note that ,k;, > 0,1 + 0; > 0 and Fj, (|u|) > 0, arguing as in the proof of (i), we may get Ijọ > 0. Finally, (5) implies 
the desired result. a 
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